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Abstract
I examine the Generalized Ka¨hler geometry of classical N = (2, 2) superconformal WZW
model on a compact group and relate the right-moving and left-moving Kac-Moody superalge-
bra currents to the Generalized Ka¨hler geometry data using biholomorphic gerbe formulation
and Hamiltonian formalism. It is shown that canonical Poisson homogeneous space structure
induced by the Generalized Ka¨hler geometry of the group manifold is crucial to provide consis-
tently N = (2, 2) superconformal σ-model with the Kac-Moody superalgebra symmetries. Then
the biholomorphic gerbe geometry is used to prove that Kac-Moody superalgebra currents are
globally defined.
Introduction.
It is well-known that conformal supersymmetric σ-models with extended supersymmetry
play the role of building blocks in the construction of realistic models of superstring compacti-
fication from 10 to 4 dimensions [1]. The σ-model on the 6 -dimensional Calabi-Yau manifold
is one of the important examples of the compactification. The Calabi-Yau manifold being a
complex Ka¨hler manifold is not accidental but caused by a close relation between the extended
supersymmetry and Ka¨hler geometry. In a more general case the background geometry may
include apart from the metric an antisymmetric B-field. In that case the corresponding 2-
dimensional supersymmetric σ-model have a second supersymmetry when the target-space has
a bi-Hermitian geometry, known also as Gates-Hull-Rocˇek geometry [2]. In this situation the
target manifold contains two complex structures with a Hermitian metric with respect to each
of the complex structures. Quite recently it has been shown in [3] that these set of geometric
objects, metric, antisymmetric B-field and two complex structures antisymmetric with respect
to the metric have a unified description in the context of Generalized Ka¨hler (GK) geometry.
It allowed to develop the GK geometry construction of N = 2 Virasoro superalgbra for these
models in the papers [4], [5], [6], [7], [8].
The N = 2 supersymmetric WZW models on the compact groups [9], [10], [11] provide a
large class of examples of exactly solvable quantum conformal σ-models whose targets supports
simultaneously GK geometry causing the extended N = (2, 2)-supersymmetry and affine Kac-
Moody superalgebra structure ensuring the exact solution [13], [14]. The GK geometry nature
of the N = (2, 2)-supersymmetry in these models has been studied in the series of works [15],
[16], [17], [18], [19]. The relation between Generalized Complex geometry and Kac-Moody
superalgebra symmetry has already been also discussed in papers [7], [8], [20]. It has been
noticed in particular in [20] that canonical Poisson homogeneous space structure induced by the
GK geometry on SU(2)×U(1) is essential to provide consistently N = (2, 2) superconformal σ-
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model with Kac-Moody superalgebra symmetries. In this paper I consider this relation in more
detailes and generalize the discussion from [20] for an arbitrary (even dimensional) compact
group manifold.
In a more general context it would be important to see if there are GKG targets which allow
the W -superalgabras conserved currents. Perhaps Kazama-Suzuki coset models [21]-[23] can
be related to such targets according to the results presented in [24], [25]. I hope the analysis
developed in this paper appears to be helpfull for the GK geometry investigation in Kazama-
Suzuki models.
The approach I follow is based on the papers [4], [5], [6] where the Hamiltonian formalism
of N = 1 supersymmetric σ-model has been applied. It was shown there that the canonical
formalism is very important to relate N = (2, 2) Virasoro superalgebra symmetries of the σ-
model with the GK geometry of the target space. In case of N = (2, 2) WZW model the
canonical variables play yet another role. They can be naturally fixed to have Poisson-Lie
geometrical sense.
In section 1 I apply biholomorphic gerbe formulation of GK geometry (bi-Hermitian geom-
etry) discovered in [17] to the N = (2, 2) WZW model on a compact even dimensional group
and introduce certain complex coordinate covering of the group manifold. The coordinates of
the covering are given by the action of certain complex group which is Drinfeld’s dual to the
WZW model compact group. For each complex coordinate chart the canonical variables of the
model are determined from the WZW action. Then it is shown that the canonical variables cor-
responding to different coordinate charts are consistent on the intersections and generate a sheaf
of Poisson Vertex superalgebras twisted by WZW 3-form. Thus biholomorphic gerbe structure
is naturaly appears and essential at this point. In section 2 I find for some fixed coordinate
chart, the left-moving and right-moving conserved currents in terms of the canonical variables
and certain GK geometry Poisson byvector which is know in the theory of Integrable Systems
as Semenov-Tian-Shansky Poisson byvector. Then the geometry behind the expressions for the
conserved currents is explained in terms of the Poisson-Lie geometry, canonical variables and
covering introduced in section 1. It allows to calculate the Poisson brackets between the cur-
rents and prove the Kac-Moody superalgebra relations they satisfy. The Poisson homogeneous
space geometry on the group manifold determined by Semenov-Tian-Shansky Poisson byvector
is crucial for the calculation. Using the twisted Poisson Vertex algebra and biholomorphic gerbe
structure it is proved in section 3 that the Kac-Moody superalgebra currents found in section 2
are globally defined. In section 4 we discuss the N = (2, 2) supersymmetric Sugawara construc-
tion and explain the expressions for the Virasoro superalgebra currents as well as their Poisson
brackets in terms of Poisson-Lie structures induced by the GK geometry. Concluding remarks
are collected in the section 5.
1. Canonical variables and biholomorphic gerbe geometry
in N = (2, 2) supersymmetric WZW model.
1.1. In the papers [10],[11] a correspondence between extended supersymmetric WZW mod-
els and finite-dimensional Manin triples was established. By the definition [31], a Manin triple
(p,g+,g−) consists of a Lie algebra p, with nondegenerate invariant inner product <,> and
isotropic Lie subalgebras g± such that p = g+ ⊕ g− as a vector space. There is a one to one
correspondence [10] between a complex Manin triple endowed with antilinear involution which
conjugates isotropic subalgebras τ : g± → g∓ and a complex structure on a real Lie algebra
of the compact group that ensures connection between Manin triple construction of N = 2
Virasoro superalgebra currents of [10],[11] and approach [9] based on the complex structure on
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the Lie algebra. Namely, for an arbitrary real Lie algebra g with the complex structure J the
complexification gC has the Manin triple structure (gC,g+,g−) where the isotropic subalgebras
are the ±ı-eigenspaces of J while g is the fixed point set of the antilinear involution τ . For some
fixed orthonormal basis {ea, ea, a = 1, ..., d} in algebra gC so that {ea} is a basis in g−, {ea} is
a basis in g+ the commutation relations of g
C have the form
[ea, eb] = φabc e
c, [ea, eb] = φ
c
abec,
[ea, eb] = φ
a
bce
c − φacb ec. (1)
In what follows I will often use common notation f ijk for the structure constants of the Lie
algebra gC. There is another Lie algebra structure on the vector space gC which is given by the
direct sum g+ ⊕ g− of the isotropic subalgabras. For any vectors a, b ∈ gC the new Lie algebra
brackets [a, b]J are given by
[a, b]J =
1
2
([Ja, b] + [a, Jb]) (2)
This Lie algebra structure which we denote by gCJ is very important in the theory of integrable
systems [32].
The Lie group version of the triple (gC,g+,g−) is the double Lie group (G
C,G+,G−) [32],
[33]. The real compact Lie group G is extracted from its complexification by the involution
(Hermitian conjugation) τ :
G = {g ∈ GC|τ(g) = g−1} (3)
In this case there are two complex structures JR and JL on the compact group, where JR is
generated by the right translations on the group (left-invariant complex structure) and JL is
generated by the left translations (right-invariant complex structure). Bi-invariant metric on the
group is Hermitian w.r.t. both of the complex structures so that we have bi-Hermitian geometry
[2] on the group manifold G.
Exponentiating the commutation relations (1) one can find that GC = G+G− = G−G+ so
that each element g ∈ GC admits two decompositions
g = g+g
−1
− = g˜−g˜
−1
+ , (4)
where g˜± are dressing transformed elements of g± [33]. In view of (3) and (4) the element g
from GC belongs to the compact group G iff
τ(g±) = g˜
−1
∓ (5)
These equations mean that there is a left and right actions of the complex groups G± on G [32]
so the elements of G can be parametrized by the elements from the complex group G+ (or G−).
More generaly one has to consider the set W of classes [35]
GC =
⋃
[w]∈W
G+wG− (6)
It will be more convenient to rewrite this decomposition in another form
GC =
⋃
[w]∈W
wGw+G− : h = wh
w
+h
−1
− (7)
3
where
hw+ ∈ Gw+ = G+ ∩ w−1G+w, h− ∈ G− (8)
The decomposition (7) can be converted into the covering of the group by the open subsets if we
multiply the Bruhat classes from the left by the special elements from G− generating transverse
directions:
GC =
⋃
[w]∈W
G−wwG
w
+G− (9)
where
G−w = {u− ∈G−|w−1u−w ∈G+} (10)
If we assume that the representatives w can be choosen to belong to the compact group
τ(w) = w−1 (11)
the covering (9) will induce the covering of the compact group by the charts which are isomorphic
to the complex group G+:
G =
⋃
[w]∈W
Gw,
Gw = {wg+g−1− |g± ∈ G±, τ(g±) = g˜−1∓ } (12)
where g˜± are determined from the equation (4).
It is not difficult to see that the covering defines JR-holomorphic diffeomorphisms
ϕw : Gw → G+ (13)
so that 1-forms dg+g
−1
+ considered as the forms on Gw are the holomorphic w.r.t. the complex
structure JR [34].
On the equal footing another covering can be used
G =
⋃
[w]∈W
G˜w,
G˜w = {g˜−g˜−1+ w|g˜± ∈ G±, τ(g˜±) = g−1∓ } (14)
where g±, g˜± satisfy (4). This covering defines JL-holomorphic diffeomorphisms
ϕ˜w : G˜w → G+ (15)
so that 1-forms dg˜+g˜
−1
+ considered as the forms on G˜w are the holomorphic w.r.t. the complex
structure JL [34].
1.2. The super world-sheet of the WZW model is parametrized by the light-cone even
coordinates σ±, and odd coordinates θ±. The super-derivatives are given by
D± =
∂
∂θ±
+ θ±∂±, ∂± =
∂
∂σ1
± ∂
∂σ0
(16)
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The superfield g(σ±, θ
±) takes values in the compact group G. The action of the model [26] is
given by
S = −k(
∫
d2σd2θ(< g−1D+g, g
−1D−g >
−
∫
d2σd2θdt < g−1
∂g
∂t
, {g−1D−g, g−1D+g} >) (17)
The classical equations of motion are nothing else but the conservation low equations:
D−(g
−1D+g) = D+(D−gg
−1) = 0. (18)
For any coordinate chart from (12) or (14) the action (17) can be rewritten in the form of
the supersymmetric σ-model action by the Polyakov-Wiegman formula [27]. For the the chart
Gw where JR-complex coordinates x
µ = (xα, x¯α) are introduced the action is:
S =
1
2
∫
d2σd2θEwijρ
i
+ρ
j
− (19)
Here, the matrix Ewij depends on the superfields X
µ corresponding to the coordinates xµ. The
superfields ρi± = (ρ
a
±, ρ
a¯
±) = (ρ)
i
µD±X
µ are the world-sheet restrictions of the holomorphic
ρa = Tr(eadg+g
−1
+ ) and anti-holomorphic ρ
a¯ = ρ¯a 1-forms w.r.t JR. The target space metric g
w
ij
and skew-symmetric B-field Bwij can be read off from E
w
ij :
gwij =
1
2
(Ewij + E
w
ji), B
w
ij = −
1
2
(Ewij −Ewji) (20)
The metric and WZW 3-form do not depend on the coordinate chart
gwij = gij, H =
1
2
dBw (21)
The σ-model Lagrangian can be rewritten in the following form [34]:
Ewij = ıΩ
w
ik(JR)
k
j (22)
where Ωw is the image of the Semenov-Tian-Shansky symplectic form [35]
Ω =
k
4
(< dg+g
−1
+ ,ˆdg−g
−1
− > + < dg˜+g˜
−1
+ ,ˆdg˜−g˜
−1
− >) (23)
under the map ϕw. Due to (12), (14) Semenov-Tian-Shansky symplectic form is real.
On the equal footing the charts from (14) can be used to write the action in JL-complex
coordinates x˜µ = (x˜α, ¯˜xα), associated to the chart G˜w:
S =
1
2
∫
d2σd2θE˜wij ρ˜
i
+ρ˜
j
− (24)
The superfields ρ˜i± = (ρ˜
a
±, ρ˜
a¯
±) are the world-sheet restrictions of the holomorphic ρ˜
a = Tr(eadg˜+g˜
−1
+ )
and anti-holomorphic ρ˜a¯ = ¯˜ρa 1-forms w.r.t JL. In this case we have
E˜wij = ıΩ˜
w
ik(JL)
k
j (25)
5
where Ω˜w is the image of the Semenov-Tian-Shansky symplectic form (23) under the map ϕ˜w.
1.3. Now we find the canonically conjugated momentum and Hamiltonian following the
analisis of [5]. Let us define new set of odd world-sheet coordinates and derivatives
θ+ =
1√
2
(θ0 + θ1), θ− =
1√
2
(θ0 − θ1),
D0 =
∂
∂θ0
+ θ0∂1 + θ
1∂0, D1 =
∂
∂θ1
+ θ1∂1 + θ
0∂0 (26)
so that D20 = D
2
1 = ∂1, D0D1 + D1D0 = 2∂0 and ∂1 (∂0) is the derivative along the space
coordinate σ1 (time coordinate σ0) on the world-sheet.
Let us consider first the chart G1 with the coordinates x
µ. The canonically conjugated
momentum to the field Xµ as well as the Hamiltonian density H are found by integrating out
θ0-variable in the action (19) [20]:
X∗µ = gµνD0X
ν +BµνD1X
ν (27)
H = gµν∂1XµD1Xν + gµνIµD1Iν − ΓλµνgνσIλIσD1Xµ −
Hµνλg
λσD1X
µD1X
νIσ +
1
3
HµνλIµIνIλ (28)
where Iµ = X
∗
µ −BµνDXν and
Γηνλ =
1
2
gηµ(gµν,λ + gλµ,ν − gνλ,µ) (29)
are the Christofell symbols of the Levi-Civita connection.
The canonical Poisson super-brackets for the superfields Xµ(Z), X∗ν (Z) living on the super-
circle with the super-space coordinate Z = (σ1, θ1) (in what follows the superscript index 1 will
be ommitted) are given by
{X∗µ(Z1),Xν(Z2)} = −{Xν(Z2),X∗µ(Z1)} = δνµδ(Z1 − Z2) =
δνµδ(σ1 − σ2)(θ1 − θ2) (30)
One can find similarly the canonically conjugated momentum Y ∗µ to the field Y
µ using the
chart Gw with coordinates y
µ and action (19). Then on the intersection G1w = G1
⋂
Gw the
following gluing rule takes place
Y ν(Z) = yν(Xµ(Z)),
Y ∗ν =
∂xµ
∂yν
(X∗µ + (B
w −B1)µλD1Xλ) (31)
It is clear that similar relations are true for an arbitrary intersection Gw′w.
In view of (21) the set of 2-forms Bw defines the set of 1-forms Aw′w determined on the
intersections Gw′w such that
Bw −Bw′ = dAw′w, (32)
When k ∈ Z this data define gerbe with connection [29], [17]. Taking into account (13), (15),
(22), (25) one can see that we are in the sitution of theorem from paper [17] where very nice
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description of GK geometry in terms of locally defined symplectic forms determining the biholo-
morphic gerbe was found. In our case this set of forms is given by the Semenov-Tian-Shansky
symplectic forms Ωw, Ω˜w.
The canonical Poisson brackets are related closely to the Courant brackets (as well as the
Dorfman brackets) [28]. Let us consider the currents V (Z) = viX∗i (Z) + ωiD1X
i(Z), Q(Z) =
qjX∗j + λjD1X
j)(Z), where (v(X), ω(X)), (q(X), λ(X)) are the superfields considering as the
sections of direct sum TG ⊕ T ∗G of tangent and cotangent bundles over the group manifold.
Then
{V (Z1), Q(Z2)} = DZ1δ(Z1 − Z2)2 < V,Q > (Z2) +
δ(Z1 − Z2)([V,Q]c +DZ2 < V,Q >)(Z2) (33)
where the bracket [V,Q]c = [(v, ω), (q, λ)]c = [v, q] + (Lie(v)λ − Lie(q)ω) − 12d(λ(v) − ω(q)) is
nothing else but Courant brackets while the expression [V,Q]c+d < V,Q > is Dorfman brackets
and < V,Q >= 12(λ(v) + ω(q)) is the natural pairing. Then the gluing rules (31) comes from
the twisted Courant algebroid structure on TG ⊕ T ∗G. In fact we have also a sheaf of twisted
Poisson Vertex algebras [28], [29], [30] whose sections over Gw are generated by the canonical
variables Xµ(Z), X∗µ(Z) and their super-derivatives along the super-circle variable Z.
2. GK and Poisson-Lie geometry of Kac-Moody superalgebra currents.
2.1. Two copies of Kac-Moody superalgebra symmeties generated by the left-moving L =
D+gg
−1 and right-moving R = g−1D−g currents is the main feature of the superconformal
WZW model. These two algebras determine the dynamics and N = 2 supersymmetry of the
model completely due to the generalized Sugawara construction [9], [10], [11] (see also [12]) and
make the model completely solvable.
The expressions for the left-moving and right-moving currents written in terms of GK geome-
try data of the group manifold has been found in [20] (in a more general context similar formulas
have also been obtained in [36], [37]). Namely, the classical conserved left-moving currents are
given by
Li = −k
2
(P (ρi) + ıJRρ
i) = −k
2
(P ijρ∗j + ı(JR)
i
kρ
k) (34)
where ρ∗j = (ρ
−1)µjX
∗
µ is the conjugated to ρ
j momentum field. The right-moving currents is
convenient to write in the coordinates G˜1 (notice that G˜1 = G1 because of (4))
Ri = −k
2
(P (ρ˜i)− ıJLρ˜i) = −k
2
(P ij ρ˜∗j − ı(JL)ikρ˜k) (35)
where ρ˜i = (Tr(eaD1g˜+g˜+), T r(eaD1g˜+g˜+)) are the super-circle restrictions of holomorphic
and anti-holomorphic 1-forms w.r.t. the complex structutre JL. It is implied here that the
coordinates x˜i have been introduced on G˜1 so that X˜
i, X˜∗i are canonically conjugated superfields
and ρ˜∗i is conjugated to ρ˜
i. The Semenov-Tian-Shansky Poisson byvector P = Ω−1 in the
expressions above is given by the complex structures and metric [32] (see also [8]):
P = −ı(JL + JR)g−1 (36)
It worth to explain at this point the Poisson-Lie geometry behind the expressions (34), (35)
which appears to be crucial to provide the Kac-Moody superalgebra Poisson brackets for the
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currents. Recall that by definition the right dressing (left deressing) vector field [33] on the
compact group G considered as a Poisson manifold with Poisson byvector P = Ω−1 is given
by substitution of the right invariant (left invariant) 1-form on G into the Poisson byvector
P . Then the first term of the formula (34), ((35)) comes because of the ρ∗i , (ρ˜
∗
i ) is the loop
group version of the right dressing (left deressing) vector field on G1. In other words, the first
term of (34), ((35)) is nothing else but the loop group version of the relation between the left
translation (right translation) vector field and right dressing (left dressing) vector field on the
Poisson manifold G1. The forms ρ
i (ρ˜i) coming from the group G+ play the role of differentials
of local Hamiltonians for the left translations (right translations) so that ϕ1 (ϕ˜1) is a momentum
map. Thus, the Drinfeld’s dual group [31] G+ determines the canonical momentum variables
by the dressing action while the canonical coordinates associated to the coordinates on G+ play
the role of Hamiltonians for the Kac-Moody superalgebra symmetries.
The second terms from (34) and (35) follow unambigously from the definitions of conjugated
momentum fields X∗µ and X˜
∗
µ. Being proportional to k these terms define the levels of Kac-
Moody superalgebras as we will see calculating the Poisson brackets of the currents in the next
subsection. So the critical level k = 0 the Kac-Moody superalgebra currents are given entirely
by the Semenov-Tian-Shansky Poisson byvector.
2.2. Proposition.
The currents (34), (35) generate two copies of mutually commuting Kac-Moody superalgebras
at level k.
Proof.
It is proving by the Poisson super-brackets calculation. To this end, notice that the currents
(34) are the fuctions of even Xµ(Z) and odd X∗µ(Z) variables whose Poisson brackets are given
by (30). The currents (35) are the fuctions of even X˜µ(Z)and odd X˜∗µ(Z) variables whose
Poisson brackets are given obvoiusly also by (30) (where the untilded symbols replaced by tilded
ones). During the proof we will use the notation D for the super-derivative along the super-circle
while the symbols D1 or D2 will be used to denote the δ-function super-derivatives w.r.t. the
δ-function arguments Z1 or Z2.
Let us calculate first the Poisson super-brackets for the left-moving currents:
4
k2
{Li(Z1), Lj(Z2)} =
{PµνρiµX∗ν (Z1), P λρρjλX∗ρ (Z2)}+ ı(JR)ik{ρkνDXν(Z1), P λρρjλX∗ρ (Z2)}+
ı(JR)
j
n{PµνρiµX∗ν (Z1), ρnλDXλ(Z2)} (37)
The first brackets calculation gives
{PµνρiµX∗ν (Z1), P λρρjλX∗ρ (Z2)} = −δ(Z1 − Z2)P σν({ρi, ρj}P )νX∗σ(Z2) (38)
where {ρi, ρj}P is determined by
({ρi, ρj}P )ν = Pµλ,ν ρiµρjλ + Pµλρiν,µρjλ + Pµλρiµρjν,λ (39)
But
{ρi, ρj}P = −2
k
f
ij
k ρ
k (40)
as it follows from the discussion after the formula (36). Hence
{PµνρiµX∗ν (Z1), P λρρjλX∗ρ (Z2)} = δ(Z1 − Z2)
2
k
f
ij
k P
σνρkνX
∗
σ(Z2) (41)
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Calculating the second brackets from (37) we obtain
ı(JR)
i
k{ρkνDXν(Z1), P λρρjλX∗ρ (Z2)} =
ıD1δ(Z1 − Z2)(JR)ikP λρρjλρkν(Z2)
− ı
2
δ(Z1 − Z2)(JR)ikP λνφknmρjλ(ρnνρmσ − ρnσρmν )DXσ(Z2) (42)
where φknm = (φ
c
ab, φ¯
c
ab = φ
ab
c ) are the structure constants of the Lie algebra g
C
J (see (2)). They
come from the Maurer-Cartan equations for 1-forms dg+g
−1
+ , dg¯+g¯
−1
+ on the group manifoldG+.
The third brackets from (37) are
ı(JR)
j
n{PµνρiµX∗ν (Z1), ρnλDXλ(Z2)} =
−ıD2δ(Z1 − Z2)(JR)jnPµνρiµρnν +
ıδ(Z1 − Z2)(JR)jn({ρi, ρn}λ −
1
2
φikmP
µνρnν (ρ
k
µρ
m
λ − ρkλρmµ ))DXλ(Z2) (43)
Collecting all these results we obtain
4
k2
{Li(Z1), Lj(Z2)} =
ıD1δ(Z1 − Z2)(P (ρj , JRρi) + P (ρi, JRρj)) +
δ(Z1 − Z2)(−2
k
f
ij
k P (ρ
k)− ı2
k
(JR)
j
nf
in
k ρ
k −
ı
2
φknm(JR)
i
kP (ρ
j , ρn)ρm +
ı
2
φknm(JR)
i
kP (ρ
j , ρm)ρn +
ı
2
φinm(JR)
j
kP (ρ
k, ρn)ρm − ı
2
φinm(JR)
j
kP (ρ
k, ρm)ρn) (44)
To simplify the expression the following relations have to be used
P (JRρ
j, ρn)− P (ρj , JRρn) = −2ıgjn (45)
φknm(JR)
i
k = (JR)
k
nφ
i
km (46)
The first one follows from (36), (20) and (22). The second relation follows because of JR acts
on the Lie algebra gCJ by ±ı multiplication. Hence we obtain
4
k2
{Li(Z1), Lj(Z2)} =
2gijD1δ(Z1 − Z2) +
δ(Z1 − Z2)( 4
k2
f
ij
k L
k + ı
2
k
f
ij
k (JR)
k
nρ
n − ı2
k
f ikn (JR)
j
kρ
n +
4
k
φinmg
njρm)(Z2) (47)
Now we use (2)
φinmg
nj = − ı
2
(f ijk (JR)
k
m − f ikm (JR)jk) (48)
which finally gives the expected result
{Li(Z1), Lj(Z2)} = kgˆijD1δ(Z1 − Z2) + δ(Z1 − Z2)f ijk Lk(Z2) (49)
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The metric tensor gˆij here is a rescaled version of the metric tensor gij gˆij =
2
k
gij so it does not
depend on k.
To calculate the Poisson brackets between the right-moving currents one has to repeat all
steps above chaging JR → −JL, ρ→ ρ˜ and taking into account that
{ρ˜i, ρ˜j}P = 2
k
f
ij
k ρ˜
k (50)
since the Hamiltonians ρ˜i determine the right translations on G. The result is
{Ri(Z1), Rj(Z2)} = −kgˆijD1δ(Z1 − Z2)− δ(Z1 − Z2)f ijk Rk(Z2) (51)
To calculate the Poisson brackets between left-moving and right-moving currents notice first
that
{ρi, ρ˜j}P = 0 (52)
Then
4
k2
{Li(Z1), Rj(Z2)} = −ıD1δ(Z1 − Z2)(P (ρi, JLρ˜j) + P (JRρi, ρ˜j)(Z2) +
−ıδ(Z1 − Z2)φikm(P (ρm, JLρ˜j) + P (JRρm, ρ˜j))ρk(Z2) (53)
But
P (ρi, JLρ˜
j) + P (JRρ
i, ρ˜j) = 0 (54)
due to (36). Hence
{Li(Z1), Rj(Z2)} = 0 (55)
It finishes the proof.
3. The Kac-Moody superalgebra currents are globally defined.
The currents (34), (35) and their Poisson algebra brackets have been determined in the
chart G1. They can also be determined for any other chart Gw as well as for G˜w. As it follows
from (19), (24), they are given by the expressions similar to (34), (35) but written in terms of
local canonical fields Y µ(Z), Y ∗µ (Z) (Y˜
µ(Z), Y˜ ∗µ (Z)) introduced in the chart Gw (G˜w). So the
question is how they glue to each other on the intersections Gw′w. We are going to show that
the currents considered as the sections of sheaf of twisted Poisson Vertex algebras are defined
globally.
Let us pick up an element w ∈W and consider the chart Gw with the the complex coordi-
nates yµ. The WZW action functional written for this chart takes the form
Swzw[wh+h
−1
− ] =
1
2
∫
d2σd2ΘEwijξ
i
+ξ
j
−, E
w
ij = ıΩ
w
ik(JR)
k
j , (56)
where ξ± = D±h+h
−1
+ , h+ ∈G+. Let (Lw)i(Z) be the left-moving currents determined on Gw.
They are given by
(Lw)
i = −k
2
(w)ij((Pw)
µνξjµY
∗
ν + ı(JR)
j
kξ
k
νD1Y
ν) (57)
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where Pw = (Ω
w)−1 is Semenov-Tian-Shansky Poisson byvector defined in this chart, and the
matrix wij is determined from w
−1ejw = (w
−1)ijei.
Let us consider the intersection G1w = G1
⋂
Gw. There are two systems of complex coor-
dinates. The coordinates yµ are related to the chart Gw and the coordinates x
µ are related to
the chart G1. It is easy to see that the map
w˙ = ϕw ◦ ϕ−11 : g+ → h+, yµ = yµ(x) (58)
is JR-holomorphic diffeomorphism because it is given by the left shift on G by the element w.
Proposition L.
On the intersection G1w =G1
⋂
Gw: (Lw)
i = Li.
Proof.
(During the proof we will ommit the subscript 1 in the notation of super-derivative along
the coordinate θ1 and write D instead of D1). Due to (31) we have
(w−1)ij(Lw)
j = −k
2
((Pw)
µνξiµY
∗
ν + ı(JR)
i
kξ
k
νDY
ν) =
−k
2
ξiµ(y)
∂yµ
∂xγ
∂xγ
∂yσ
(Pw)
σν(y(x))
∂xα
∂yν
(X∗α + (w
∗Bw −B1)αβDXβ)−
ı
k
2
ξiµ(y)(JR)
µ
λ
∂yλ
∂xβ
DXβ (59)
The complex structure JR is invariant under the left shifts on the group:
∂xγ
∂yσ
∂yλ
∂xβ
(JR(y(x)))
σ
λ = (JR(x))
γ
β (60)
Hence
−2
k
(w−1)ij(Lw)
j = ξiµ
∂yµ
∂xγ
(w˙−1∗ Pw)
γα(x)X∗α + ıξ
i
µ
∂yµ
∂xγ
(JR(x))
γ
βDX
β +
ξiµ
∂yµ
∂xγ
(w−1∗ Pw)
γα(x)(w∗Bw −B1)αβDXβ (61)
where
(w˙−1∗ Pw)
γα(x) =
∂xγ
∂yσ
∂xα
∂yµ
(Pw(y(x)))
σµ
(w˙∗Bw)γα(x) =
∂yµ
∂xγ
∂yν
∂xα
(Bw(y(x)))µν (62)
Written by the basic forms ρi the expression (61) takes the form
−2
k
(w−1)ij(Lw)
j = ξin(w˙
−1
∗ Pw)
nm(x)ρ∗m +
ıξin(JR)
n
mρ
m + ξin(w˙
−1
∗ Pw)
nm(w˙∗Bw −B1)mlρl (63)
But
ξin(w˙
−1
∗ Pw)
nm(x)ρ∗m = (w
−1)ij(P1(x))
jmρ∗m ⇔
(w˙−1)∗(Pw(ξ
i)) = P1((w
−1)ijρ
j) (64)
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because of the vector fields P1(ρ
i), Pw(ξ
i) are the left translations on G1w and the map w˙ acts
on them as a differential of the left shift by w.
Therefore we obtain
−2
k
(w−1)ij(Lw)
j = (w−1)ij(P
jm
1 ρ
∗
m + ı(JR)
j
mρ
m) +
ı(ξin − (w−1)in)(JR)nmρm + (w−1)inPnl1 (w˙∗Bw −B1)lmρm (65)
Now one uses the relations
(w˙∗Bw −B1)lm = −ı(w˙∗Ωw − Ω1)lk(JR)km (66)
which easelly follow from (36), (20), (22). It gives
−2
k
(w−1)ij(Lw)
j = −2
k
(w−1)ijL
j +
ı(ξin − (w−1)in)(JR)nmρm − ı(w−1)in(Pnl1 (w˙∗Ωw)lk − δnk )(JR)kmρm (67)
Therefore the left currents are globally defined iff
ξin((w˙
−1)∗Pw)
nl = (w−1)inP
nl
1 (68)
The last relation is nothing else but (64), so the proposition follows.
To prove the corresponding statement for the right-moving currents one needs to consider
the second covering and take the chart G˜w with the coordinates y˜
µ. The WZW action functional
written for this chart takes the form
Swzw[h˜−h˜
−1
+ w] =
1
2
∫
d2σd2ΘE˜wij ξ˜
i
+ξ˜
j
−, E˜
w
ij = ıΩ˜
w
ik(JL)
k
j ,
g˜ij =
1
2
(E˜wij + E˜
w
ji), B˜
w
ij =
1
2
(E˜wij − E˜wji) (69)
where ξ˜ = D1h˜+h˜
−1
+ .
We determine the canonical coordinates Y˜ µ(σ, θ) and canonical momenta Y˜ ∗µ (σ, θ) from this
action as well as the currents
(Rw)
i = −k
2
(w−1)ij((P˜w)
µν ξ˜jµY˜
∗
ν − ı(JL)jk ξ˜kνDY˜ ν) (70)
Let us consider the intersection G˜1w = G˜1
⋂
G˜w. There are two systems of complex coordi-
nates y˜µ and x˜µ there. The map
˙˜w = ϕ˜w ◦ ϕ˜−11 : g˜+ → h˜+, y˜µ = y˜µ(x˜) (71)
is JL-holomorphic diffeomorphism because it is given by the right shift on G.
Therefore one can analogously prove
Proposition R.
On the intersection G˜1w = G˜1
⋂
G˜w: (Rw)
i = Ri.
The Propositions L and R are generalized straightforwardly for the intersections Gw′w and
G˜w′w. Thus we conclude that the currents L
i and Ri are defined globally.
4. N = (2, 2) supersymmetric Sugawara construction and Poisson-Lie group structure.
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In this section we discuss Poisson-Lie structure underlying N = (2, 2) supersymmetric Sug-
awara construction.
For the case of σ-model on a general GK geometry target space, the N = (2, 2) superalgebra
Virasoro currents construction has been developed in the papers [4], [5], [6], [7], [8]. The gener-
alized mutually commuting complex structures J1,2 on the target manifold play the central role
in the construction. They are defined in the direct sum of tangent and cotangent bundles of the
manifold and can be represented as the following matrices
J1 =
1
2
(
1 0
B 1
)(
JL + JR −ω−1L + ω−1R
ωL − ωR −JTL − JTR
)(
1 0
−B 1
)
J2 =
1
2
(
1 0
B 1
)(
JL − JR −ω−1L − ω−1R
ωL + ωR −JTL + JTR
)(
1 0
−B 1
)
(72)
where
ωL,R = gJL,R, ω
−1
L,R = −JL,Rg−1 (73)
The left-moving KL and right-moving KR U(1)-supercurrents of the N = (2, 2) Virasoro
superalgebra are given by [5], [19]
KL = ı < (DX,X
∗), (J1 + J2)(DX,X
∗) >=
ı(ω−1L )
µν(X∗µ + (g −B)µλDXλ)(X∗ν + (g −B)νσDXσ)
KR = ı < (DX,X
∗), (J1 − J2)(DX,X∗) >=
−ı(ω−1R )µν(X∗µ − (g +B)µλDXλ)(X∗ν − (g +B)νσDXσ) (74)
For the case of group manifold target space they can be expressed on the chart G1 in terms
of the left-moving and right-moving currents (34), (35) [7] (see also [20])
KL =
ı
2k
(ωˆL)ijL
iLj , KR = − ı
2k
(ωˆR)ijR
iRj (75)
where ωˆL,R = gˆJL,R. They are defined globally and coincide with the classical limit of the
currents found in [9], [10] (see also [12], [11]).
The symplectic forms ωL,R entering into (75) are important in the construction of Poisson-
Lie group structures on the manifold G. Indeed, the Poisson byvector (36) provides the group
manifold G with the structure of Poisson homogeneous space where the Poisson-Lie group G
endowed with Poisson byvector
PDS = −ı(JL − JR)g−1 (76)
acts on the Poisson homogeneous space G by the Poisson maps [32]. This can be traced by the
calculation of Poisson brackets:
{Li(Z1),KL(Z2)} =
ıD1δ(Z1 − Z2)(JL)inLn(Z2) + δ(Z1 − Z2)
1
k
ϕinkL
nLk(Z2) (77)
{Ri(Z1),KR(Z2)} =
+ıD1δ(Z1 − Z2)(JR)inRn(Z2) + δ(Z1 − Z2)
1
k
ϕinkR
nRk(Z2) (78)
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The δ-function contributions in (77), (78) come from the Lie derivatives of ωL,R under the left
and right translations onG correspondingly, but ϕink are the structure constants of the Drinfeld’s
dual Lie algebra gCJ . Therefore the δ-function contributions are nothing else but the infinitesimal
version of the Poisson action condition of the Poisson-Lie group G on the Poisson homogeneous
space G [33].
Due to (74) the δ-function derivative terms in (77), (78) mean that Kac-Moody superalgebra
currents are eigenvectors w.r.t. each of the generalized complex structures (72). Since the gen-
eralized complex structures commute to each other the direct sum of the left-moving and right-
moving Kac-Moody superalgebras is decomposed into the direct sum of four ±ı-eigensubalgebras
[8].
The Poisson brackets of U(1)-supercurrents give the components ΓL, ΓR of stress-energy
supercurrent
{KL(Z1),KL(Z2)} = δ(Z1 − Z2)ΓL(Z2),
ΓL = (
1
k
gˆjnDL
jLn +
1
3k2
gˆij gˆnmf
jm
k L
iLnLk)(Z2) (79)
{KR(Z1),KR(Z2)} = δ(Z1 − Z2)ΓR(Z2),
ΓR = −(1
k
gˆjnDR
jRn +
1
3k2
gˆij gˆnmf
jm
k R
iRnRk) (80)
where the integrability of the complex structures JL,R has been used to get the 3-currents terms.
These terms are the Schouten brackets of byvectors ω−1L,R with themselves. Thus they are the
anomalies in the corresponding Jacoby identities and only these contributions left at the critical
level k = 0.
By the direct calculations one can show that the Hamiltonian of the σ-model (28) obtained
in the canonical formalism is expressed in terms of the stress-energy supertensor ΓL,R:
H =
1
2
∫
dσ1dθ1(ΓL(Z)− ΓR(Z)) (81)
This expression follows from the more precise relations
ΓL =
1
2
(H−P), ΓR = −1
2
(H + P) (82)
for the Hamiltonian density (28) and momentum desity
P = DXµDX∗µ + ∂XµX∗µ (83)
written by the canonical variables from the chart G1.
To obtain (82) one needs to use (79), (80), (34), (35) as well as the fact that left translation
vector fields and right translation vector fields on group manifold G are covariantly constant
w.r.t. the corresponding connections ∇L,R with torsion. It gives the relations between the
connection coeficients of ∇L,R and the derivatives of the Poisson byvector components. For
example
ΩνσP
σµ
,λ + Γ
µ
νλ + g
µσHσνλ = 0 (84)
takes place for the connection ∇L in the coordinate chart G1. While
Ω˜νσP˜
σµ
,λ + Γ˜
µ
νλ − g˜µσH˜σνλ = 0 (85)
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takes place for the connection coefficients of ∇R written in the coordinate chart G˜1.
It easy to see from (81) that the currents Li, Ri defined on the super-circle are the left-
moving and right-moving indeed. At the same time it follows from the formulas (77), (78)
and the comment below them that the left-moving and right-moving Kac-Moody superalgebras
are also ±-eigensubalgebras w.r.t. the product structure operator J1J2. Hence, the product
structure is nothing else but the holomorphic-anti-holomorphic factorization of the N = (2, 2)
WZW model and the Hamiltonian conserves this structure.
5. Conclusion.
In this paper I discussed the relation between GK geometry causing N = (2, 2) Virasoro
superalgebra symmetries and the Kac-Moody superalgebra conserved currents ensuring the exact
solution of supesymmetric WZW model on a compact even dimensional group. It has been
shown that Poisson homogeneous space structure which is given by Semenov-Tian-Shansky
Poisson byvector is crucial to privide the Kac-Moody superalgebra symmetries of the model.
The canonical formalism we used in the discussion is natural to relate N = (2, 2) Virasoro
superalgebra symmetries with the GK geometry of the target space. But in case of N = (2, 2)
WZW model the canonical variables play yet another role. They can be determined locally
by the biholomorphic gerbe geometry and the moment maps from the target space into the
Drinfeld’s dual complex group G+ in such a way that the canonical coordinates become the
Hamiltonians for the Kac-Moody superalgebra action at the critical level while the canonical
momenta are given by the dressing vector fields on the target space. These data define a sheaf of
twisted Poisson Vertex algebras. This structure was used to prove that Kac-Moody superalgebra
currents are defined globaly. It is shown that Sugawara construction of N = (2, 2) Virasoro
superalgebra is based essentialy on the underlying Poisson homogeneous space geometry of the
model also.
There are some questions which left beyond the scope of the paper but would be interesting
to consider.
1) What is Poisson-Lie geometric sense of generalized Ka¨hler potential? How to describe the
pure spinors and chiral ring states from the point of view of Poisson-Lie geometry of the model?
The papers [17], [38], [39] certainly be helpful in this concern.
2) It would be interesting to see if the Kazama-Suzuki models [21]-[23] can be considered
as a GK geometry targets with W -algebra of consereved currents. Due to the paper [24] it is
natural to expect that the Poisson homogeneous space structure will be crucial also to provide
W -algebra symmetries in these models.
3) Quantization of the geometric structures considered in the paper is probably the most
intresting problem. It has already been discussed in a general context of N = (2, 2) σ-models
in paper [30]. The authors of the paper proposed in particular to consider the chiral de Rham
complex [40] as a formal canonical quantization of non-linear σ-model so that the sheaf of Poisson
Vertex algebras is its classical limit. In case of quantum N = (2, 2) WZW model it would be
interesting to see whether the quantization of sheaf of twisted Poisson Vertex algebras could
reproduce the results known from the bootstrap approach. It is well known [31] that Poisson-
Lie groups and Poisson homogeneous spaces are the classical limits of the quantum groups so
that the Poisson-Lie structures discussed in this article may appear to be helpful in this concern.
References
[1] D.Gepner, Nucl.Phys., B296, (1987), p.757.
15
[2] S.J.Gates, C.M.Hull and M.Rocˇek, ”‘Twisted Multiplets and New Supersymmetric Nonlin-
ear Sigma Models”’, Nucl.Phys. B248 (1984) 157
[3] M.Gualtieri, ”‘Generalized complex geometry”’, Oxford University Dphil thesis,
arXiv:math.DG/0401221
[4] M.Zabzine, ”‘Hamiltonian perspective on generalized complex structure”’, Commun. Math.
Phys. 263 (2006) 711 arXiv:hep-th/0502137;
[5] A.Bredthauer, U.Lindstro¨m, J.Persson and M.Zabzine, ”‘Generalized Ka¨hler Geome-
try from supersymmetric sigma models”’, Lett.Math.Phys. 77 (2006) 291 arXiv:hep-
th/0603130;
[6] M.Zabzine, ”‘Lectures on Generalized Complex Geometry and Supersymmetry”’, Archivum
Math. 42 (2006) 119 arXiv:hep-th/0605148;v4;
[7] R.Heluani and M.Zabzine, ”‘Generalized Calabi-Yau Manifolds and Chiral de Rham com-
plex”’, Adv.Math. 223 (2010) 1815; arXiv:hep-th/0812.4855.
[8] R.Heluani and M.Zabzine, ”‘Superconformal structures on generalized Calabi-Yau metric
manifolds”’ Commun.Math.Phys. 306 (2011) 333; arXiv:hep-th/1006.2773.
[9] Ph. Spindel, A. Sevrin, W. Troost and A. van Proeyen, Nucl. Phys. B308 (1988) 662; Nucl.
Phys. B311 (1988/89) 465.
[10] S. E. Parkhomenko, ”Extended superconformal current algebras and finite dimensional
Manin Triples”, J.Exp.Theor.Phys., V102 (1992), p.3.
[11] S.E.Parkhomenko, ”Quasi-Frobenius Lie algebra construction of N=4 superconformal field
theories”, Mod.Phys.Lett., A11, (1996), p.445; ArXiv:hep-th/9503071.
[12] E. Getzler, ”‘Manin triples and N = 2 superconformal field theory”’, arXiv:hep-
th/9307041.
[13] V. Kac and I. Todorov, Commun. Math. Phys. 102 (1985) 337;
[14] J.Fuchs, ”‘More on the Super WZW Theory”’, Nucl. Phys. B318 (1989) 631;
[15] A.Sevrin and J.Troost, ”‘Off-shell formulation of N=2 non-linear sigma-models”’, Nucl.
Phys. B492 (1997) 623, hep-th/9610102;
[16] M.Rocˇek, K.K.Schoutens and A.Sevrin, ”‘Off-shell WZW models in extended superspace”’,
Phys. Lett. B265 (1991) 303;
[17] C.M.Hull, U.Lindstrom, M.Roc¨ek, R.von Unge and M.Zabzine, ”‘Generalized Ka¨hler ge-
ometry and gerbes”’, J. High Energy Phys. 0910 (2009) 062, arXiv:hep-th/0811.3615;
[18] A.Sevrin, W.Staessens and A.Wijns, ”‘An N=2 worldsheet approach to D-branes in biher-
mitian geometries: II.Thegeneral case”’, J. High Energy Phys. 0909 (2009) 105, arXiv:hep-
th/0908.2756;
[19] A.Sevrin, W.Staessens and D.Terryn, ”‘The generalized Ka¨hler geometry of N=(2,2) WZW
models”’ arXiv:hep-th/1111.0551;
16
[20] S.E.Parkhomenko, ”‘Generalized Ka¨hler Geometry and current algebras in SU(2) × U(1)
N=2 superconformal WZW model”’, Mod. Phys. Lett., A32, (2017), p. ; arXiv:hep-
th/1701.05229.
[21] Y.Kazama and H.Suzuki, Mod.Phys.Lett., A4, (1989), p.235.
[22] Y.Kazama and H.Suzuki, Phys.Lett., B216, (1989), p.112.
[23] Y.Kazama and H.Suzuki, Nucl.Phys. B321, (1989), p.232.
[24] S.Parkhomenko, ”‘Kazama-Suzuki Models of N=2 Superconformal Field Theory and Manin
triples”’, JETP Letters v100 (2014) 545; arXiv:hep-th/1410.2977.
[25] C.M.Hull and B.Spence, ”‘N=2 Current-algebra and Coset Models”’, Phys. Lett B241
(1990), p.357.
[26] P. DI Veccia, V. G. Knizhnik, J. L. Petersen and P.Rossi, Nucl.Phys B253 (1985) 701.
[27] A. Polyakov and P. Wiegmann, Phys. Lett. B131 (1983) 121;
[28] R.Heluani, ”‘Supersymmetry of the Chiral De Rham Complex II:Commuting Sectors”’,
arXiv:math.QA/0806.1021v2.
[29] J.-L.Brylinski,”’Loop spaces, characteristic classes and geometric quantization”’, Progress
in Math. 107, Birkhauser Boston, Inc., Boston, MA, (1993) MR1197353.
[30] J.Ekstrand, R.Heluani, J.Kallen and M.Zabzine, ”‘Nonlinear sigma models via the chiral
de Rham complex”’, Adv.Theor.Math.Phys. 13 (2009) 1221; arXiv:hep-th/0905.4447.
[31] V. G. Drinfeld, Quantum groups, Proc. Int. Cong. Math., Berkley, Calif. (1986) 798.
[32] M. A. Semenov-Tian-Shansky, Dressing Transformations and Poisson-Group Actions,
RIMS, Kyoto Univ. 21 (1985) 1237.
[33] J.-H. Lu and A. Weinstein, J. Diff. Geom. V31 (1990) 501.
[34] S.E.Parkhomenko, ”‘Poisson-Lie T-duality and Complex Geometry in N=2 superconformal
WZNW models”’, Nucl.Phys. bf B510 (1998) 623; arXiv:hep-th/9706199.
[35] A. Yu. Alekseev and A. Z. Malkhin, Commun. Math. Phys. V162 (1994) 147.
[36] A.Alekseev and T.Strobl, ”‘Current Algebras and Differential Geometry”’ JHEP 0503
(2005) 035.
[37] F.Malikov, ”‘Lagrangian approach to Sheaves of Vertex Algebras”’, Commun.Math.Phys.
bf 278 (2008) p.487; arXiv:math/0604093.
[38] M.Zabzine, ”‘Generalized Ka¨hler geometry, gerbes, and all that”’, Lett.Math.Phys. bf 90
(2009), p.373”; arXiv:math.SG/0906.1056.
[39] A.Alekseev, H.Burstyn and E.Meinrenken, ”‘Pure Spinors on Lie Groups”’,
arXiv:math.DG/0709.1452.
[40] F.Malikov, V.Schechtman and A.Vaintrob, Chiral de Rham complex, alg-geom/9803041.
17
